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ISOMETRIC ACTIONS ON Lp-SPACES:
DEPENDENCE ON THE VALUE OF p
AMINE MARRAKCHI AND MIKAEL DE LA SALLE
Abstract. We prove that, for every topological group G, the following two
sets are intervals: the set of real numbers p > 0 such that every continuous
action of G by isometries on an Lp space has bounded orbits, and the set of
p > 0 such that G admits a metrically proper continuous action by isometries
on an Lp space. This answers a question by Chatterji–Drut¸u–Haglund.
1. Introduction
The study of affine isometric actions of groups on Banach spaces is an impor-
tant theme in mathematics which is related to many other topics such as group
cohomology, fixed point properties and geometric group theory. The case of actions
on Hilbert spaces is very well-studied. For example, it is known that a second
countable locally compact group G has an affine isometric action on Hilbert spaces
without fixed points (resp. proper) if and only if G does not have Kazhdan’s prop-
erty (T) (resp. has the Haagerup property). On the other hand, while the groups
G = Sp(n, 1) have property (T), Pansu showed in [12] that they (and all their co-
compact lattices) admit affine isometric actions without fixed points on Lp(G) for
all p > 4n+2 (and actually proper actions by [6]). In [14], Yu proved that any hy-
perbolic group Γ admits a proper affine isometric action on ℓp(Γ×Γ) for all p large
enough. For more results and references, we refer to [3] where a systematic study
of affine isometric actions of groups on Lp-spaces was undertaken. As suggested by
the previous results, it is very natural to expect that for a given group G, it should
be “easier” to act isometrically on an Lp-space when the value of p gets larger. The
main result of this paper confirms this intuition. In this statement as in the whole
paper, Lp space means Lp(X,µ) for a standard measure space (X,µ).
Theorem 1. Let G be a topological group. Take 0 < p < q < ∞. Then for every
continuous affine isometric action α : G y Lp, there exists a continuous affine
isometric action β : Gy Lq such that ‖αg(0)‖
p
Lp
= ‖βg(0)‖
q
Lq
for all g ∈ G.
In Theorem 4.3 we give a more precise statement where the action β can be
chosen so that its linear part comes from a measure preserving action of G.
Theorem 1 implies in particular that if a group G has a continuous action by
isometries on an Lp space with unbounded (respectively metrically proper) orbits,
then it has such an action on an Lq space.
Corollary 2. For every topological group G,
(i) The set of values of p ∈ (0,∞) such that G admits a continuous action by
isometries on an Lp space with unbounded orbits is an interval of the form
(pG,∞) or [pG,∞) for some pG ∈ [0,∞].
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(ii) If G is locally compact, the set of values of p ∈ (0,∞) such that G admits a
proper continuous action by isometries on an Lp space is either empty or an
interval of the form (p′G,∞) or [p
′
G,∞) for some p
′
G ∈ [0,∞].
Recall that for 1 ≤ p < ∞, an action by isometries on an Lp space has a fixed
point if and only if it has bounded orbits ([3, Lemma 2.14] for p 6= 1, [2] for p = 1).
So Corollary 2 answers a question raised in [4]. A partial answer for ℓp spaces
had already been obtained by Czuron´ [5], see also [8] where actions coming from
ergodic probability measure preserving actions were also covered. When G is a
second countable locally compact group, it is known that pG > 0 if and only if G
has property (T) [3], in which case we must have pG ≥ 2 (in fact, by an argument
of Fisher and Margulis [7], one can even show that pG > 2 and that G admits a
continuous action by isometries on an Lp space without fixed points for p = pG, see
also [8, 7, 13]). Similarly, it is known that p′G > 0 if and only if G does not have
the Haagerup property, in which case p′G ≥ 2.
By a very recent work of Drut¸u and Minashyan, the critical exponents pG and
p′G are different in general.
Finally, we note that Theorem 1 can be applied to the whole isometry group
of Lp. In particular, we recover that (Lp, ‖ · ‖
p
q
p ) isometrically embeds into (Lq, ‖ ·
‖q) [10, Remark 5.10], but moreover equivariantly with respect to the orthogonal
group of Lp. So another consequence Theorem 1 is the following inequality for the
equivariant compression exponent, which generalizes the same (known) inequality
for the non equivariant compression exponent [11]. For every compactly generated
group G, we have
(1.1) ∀0 < p < q <∞, pα#p (G) ≤ qα
#
q (G).
This inequality is often strict, see [11].
We also obtain the following corollary.
Corollary 3. Take 0 < p ≤ q <∞. Then Isom(Lp) is isomorphic as a topological
group to a closed subgroup of Isom(Lq).
By using the Gaussian functor, every unitarily representable group can be em-
bedded as a closed subgroup of Aut(X,µ) for some probability space (X,µ) hence
as a closed subgroup of Isom(Lp) for all p > 0. This applies in particular to
Isom(L2) which is unitarily representable (by using the affine Gaussian functor [1,
Proposition 4.8] for example). On the other hand, if p > 2, even the subgroup
of translations Lp ⊂ Isom(Lp) is not unitarily representable [9, Theorem 3.1]. In
particular, it cannot be embedded as a closed subgroup of Isom(L2).
This paper is organized as follows. After some preliminaries in Section 2, The-
orem 1 and its Corollary 3 are proved in Section 3 for p = 2 and Section 4 in the
general case. In a last Section 5, we investigate, for a fixed action of G on a measure
space and fixed cocycle with values in T, the dependance on p of the vanishing of
the associated Lp-cohomology.
2. Preliminaries
Nonsingular actions. Let (X,µ) be a σ-finite standard measure space (we will
always assume that our measure spaces are standard and we omit the σ-algebra).
We denote by [µ] the measure class of µ. We denote by Aut(X, [µ]) the group
of all nonsingular (preserving the measure class [µ]) automorphisms of (X,µ) up
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to equality almost everywhere. It is known that Aut(X, [µ]) is a Polish group
for the topology of pointwise convergence on probability measures: a sequence
θn ∈ Aut(X, [µ]) converges to the identity if and only if limn ‖(θn)∗ν − ν‖1 = 0 for
every probability measure ν ∈ [µ]. We denote by Aut(X,µ) the group of all measure
preserving automorphisms of (X,µ) up to equality almost everywhere. It is a closed
subgroup of Aut(X, [µ]). A continuous nonsingular action σ : G y (X,µ) of a
topological group G is a continuous homomorphism σ : G ∋ g 7→ σg ∈ Aut(X, [µ]).
Cohomology. Let σ : Gy (X,µ) be a continuous nonsingular action of a topolog-
ical group G. Let A be an abelian topological group (we use the additive notation
for A). We denote by Z1(G, σ,A) the set of all A-valued 1-cocycles of σ. An
element of Z1(G, σ,A) is a continuous function c : G 7→ L0(X,µ,A) such that
c(gh) = c(g) + σg(c(h)). Here for every f ∈ L0(X,µ,A), we use the notation
σg(f) = f ◦ σ
−1
g . We denote by B
1(G, σ,A) the set of all 1-coboundaries, i.e. co-
cycles of the form g 7→ σg(f) − f for some f ∈ L0(X,µ,A). Finally, we denote by
H1(G, σ,A) = Z1(G, σ,A)/B1(G, σ,A) the cohomology group of σ.
Skew-product actions. Let σ : G y (X,µ) be a continuous nonsingular action
of a topological group G. Suppose that A is a locally compact abelian group and
let m be the Haar measure of A. Then for every c ∈ Z1(G, σ,A), we can define a
new continuous nonsingular action σ ⋊ c of G on (X ×A, µ⊗m) by the formula
(σ ⋊ c)g(x, a) = (gx, a+ c(g
−1)(x)).
The action σ ⋊ c is called the skew-product action of σ by c. Define a function
h : X × A → A by h(x, a) = a for all (x, a) ∈ X × A. Then, by construction, we
have c(g) ⊗ 1 = (σ ⋊ c)g(h) − h. Thus the skew-product action σ ⋊ c turns the
cocycle c into a coboundary.
The Maharam extension. Let σ : G y (X,µ) be a continuous nonsingular
action of a topological group G. Then we can define the Radon-Nikodym cocycle
D ∈ Z1(G, σ,R∗+) by the formula D(g) =
d(σg)∗µ
dµ for all g ∈ G. The skew-product
action σ˜ = σ ⋊D : Gy X ×R∗+ is called the Maharam extension of σ. Note that
σ˜ preserves the measure µ⊗ dλ where dλ is the restriction to R∗+ of the Lebesgue
measure of R.
Isometric actions on Lp-spaces. Take p > 0 and let (X,µ) be a σ-finite measure
space. For every θ : Aut(X, [µ]), we define a linear isometry of Lp(X,µ) given by
f 7→
(
θ∗µ
µ
)1/p
θ(f).
The group L0(X, [µ],T) also acts by multiplication on L
p(X,µ). We thus obtain a
continuous linear isometric representation
πp,µ : Aut(X, [µ])⋉ L0(X, [µ],T)→ O(Lp(X,µ)).
It follows from the Banach-Lamperti theorem that this map is surjective when
p 6= 2. Note that if ν ∈ [µ], the canonical isometry Lp(X,µ) → Lp(X, ν) given by
f 7→
(
µ
ν
)1/p
f is equivariant with respect to the natural actions πp,µ and πp,ν of
Aut(X, [µ])⋉ L0(X, [µ],T).
Let σ : G → Aut(X, [µ]) be a continuous nonsingular action of a topological
group G. Then σp,µ = πp,µ ◦ σ is a continuous linear isometric representation of
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G on Lp(X,µ). Let D ∈ Z
1(G, σ,R∗+) be the Radon-Nikodym cocycle. Then for
every p > 0 and every g ∈ G, the isometry σp,µ(g) is given by the formula
σp,µ(g) : Lp(X,µ) ∋ f 7→ D(g)
1/pσg(f) ∈ Lp(X,µ).
Take now some cocycle ω ∈ Z1(G, σ,T). Then the map g 7→ ω(g)σpg is again a
continuous linear isometric representation of G on Lp(X,µ). Conversely, if p 6= 2,
it follows from the Banach-Lamperti theorem that every continuous linear isometric
representation of G on Lp(X,µ) is of the form π : g 7→ ω(g)σ
p,µ
g for some continuous
nonsingular action σ of G and some cocycle ω ∈ Z1(G, σ,T).
Let α be an affine isometric action of G on some Lp-space. Since the affine
isometry group Isom(Lp(X,µ)) decomposes as a semi-direct product
Isom(Lp(X,µ)) = O(Lp(X,µ))⋉ Lp(X,µ)
where Lp(X,µ) acts by translations, we see that α is of the form αg(f) = π(g)f +
c(g) where π is an isometric linear representation of G on Lp(X,µ) and c ∈
Z1(G, π, Lp(X,µ)) is a cocycle. Observe that even when π = σ
p,µ for some nonsin-
gular action σ : G y (X,µ), we do not have Z1(G, σp,µ, Lp(X,µ)) ⊂ Z
1(G, σ,C)
unless σ preserves the measure µ.
3. The case p = 2
Let G be a topological group and let p > 0. We denote by Kp(G) the set of
all continuous functions ψ : G → R+ of the form ψ(g) = ‖αg(0)‖
p
Lp
for some
continuous affine isometric action α of G on some Lp-space. Note that K
2(G) is
the set of all continuous functions on G which are conditionally of negative type.
By using the Gaussian functor, one has the following (classical) result.
Proposition 3.1. Let G be a topological group. Take ψ ∈ K2(G) and p > 0. Then
there exists a continuous probability measure preserving action σ : Gy (X,µ) and
a cocycle c ∈ Z1(G, σ,R) such that ψ(g)
p
2 = ‖c(g)‖pLp for all g ∈ G. In particular,
ψ
p
2 ∈ Kp(G) for all p > 0.
Proof. By definition, there exists an orthogonal representation π : G → O(H) on
some Hilbert space H and a cocycle c ∈ Z1(G, π,H) such that ψ(g) = ‖c(g)‖2 for
all g ∈ G. Let σπ : G y (X,µ) be the Gaussian action associated to σ. This
means that there exists a linear map ξ 7→ ξ̂ ∈ L0(X,µ,R) such that ξ̂ is a centered
Gaussian random variable of variance ‖ξ‖2 for all ξ ∈ H , and that σπ(ξ̂) = π̂(g)ξ
for all ξ ∈ H . Let ĉ(g) = ĉ(g) ∈ Lp(X,µ) for all g ∈ G. Then ĉ is a cocycle for
σπ and a computation shows that ‖ĉ(g)‖
p
Lp
= Cp‖c(g)‖
p for all g ∈ G and some
constant Cp > 0. 
Corollary 3.2. For every topological group G, we have K2(G) ⊂ Kp(G) for all
p ≥ 2.
Proof. The function x 7→ xα is a Bernstein function for all 0 < α ≤ 1. It follows
that for every ψ ∈ K2(G), we have ψα ∈ K2(G), hence ψα
p
2 ∈ Kp(G). The
conclusion follows by taking α = 2p . 
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4. Proof of the main theorem
Proposition 4.1. Let G be a topological group. For every p > 0 and every ψ ∈
Kp(G), there exists a continuous nonsingular action σ : Gy (X,µ) and a cocycle
c ∈ Z1(G, σp,µ, Lp(X,µ)) such that ψ(g) = ‖c(g)‖
p
Lp
for all g ∈ G.
Proof. We may assume that p 6= 2 thanks to Proposition 3.1. By definition, there
exists an affine isometric action α : Gy Lp(X,µ) for some probability space (X,µ)
such that ψ(g) = ‖αg(0)‖
p
Lp
for all g ∈ G. Write αg(f) = πg(f)+c(g) where π is an
isometric linear representation of G on Lp(X,µ) and c ∈ Z
1(G, π, Lp(X,µ)). Since
p 6= 2, we can write π(g) = ω(g)σp,µg where σ : G y (X,µ) is some nonsingular
action and ω ∈ Z1(G, σ,T). Consider the skew-product nonsinglar action σ˜ = σ ⋊
ω : Gy (X×T, µ⊗m) wherem is the Haar measure of T. Observe that σ˜g(u)u
∗ =
ω(g)⊗1 where u is the function on X×T given by u(x, z) = z for all (x, z) ∈ X×T.
It follows that c˜ : g 7→ uc(g) defines an element c˜ ∈ Z1(G, σ˜p, Lp(X × T, µ ⊗m))
such that ‖c˜(g)‖p = ‖c(g)‖p for all g ∈ G, where m is the Haar measure of T. 
Lemma 4.2. Take 0 < p < q <∞. Let ϕ : C→ R be a nonzero, radial, compactly
supported, Lipschitz function. Then there exists a constant C(q) > 0 such that for
all w ∈ C, we have
(4.1)
∫
C
∫ ∞
0
|ϕ(z + λ−1/pw)− ϕ(z)|q dλ dz = C(q)|w|p
Proof. Let S be the Lebesgue measure of the support of ϕ, M = ‖ϕ‖∞ and K the
Lipschitz constant of ϕ. Then we have |ϕ(z + λ−1/p)− ϕ(z)| ≤ max(2M,Kλ−1/p)
for all z ∈ C and all λ ∈ R∗+. Therefore, we have∫
C
|ϕ(z + λ−1/p)− ϕ(z)|q dz ≤ 2Smax((2M)q,Kqλ−q/p).
Since q > p, the function λ 7→ max((2M)q,Kqλ−q/p) is integrable on R∗+. There-
fore, we can define
C(q) =
∫
C
∫ ∞
0
|ϕ(z + λ−1/p)− ϕ(z)|q dλ dz < +∞.
Since ϕ is not constant, we have C(q) > 0. Finally, the statement for all w ∈ C
follows from the change of variable λ 7→ |w|pλ and the fact that ϕ is radial. 
Theorem 4.3. Let G be a topological group. Take 0 < p < q <∞. Then for every
ψ ∈ Kp(G), there exists a continuous measure preserving action σ : Gy (Y, ν) and
a function h ∈ L∞(Y, ν) such that b(g) = σg(h)−h ∈ Lq(Y, ν) with ψ(g) = ‖b(g)‖
q
Lq
for all g ∈ G. In particular ψ ∈ Kq(G).
Proof. By Proposition 4.1, there exists a nonsingular action σ : G y (X,µ) and
a cocycle c ∈ Z1(G, σp,µ, Lp(X,µ)) such that ψ(g) = ‖c(g)‖
p
Lp
for all g ∈ G.
Let σ˜ : G y (X˜, µ˜) be the Maharam extension of σ. This means that (X˜, µ˜) =
(X×R∗+, µ⊗dλ) where dλ is the restriction toR
∗
+ of the Lebesgue measure ofR and
σ˜ : Gy (X˜, µ˜) is the measure-preserving action given by g(x, λ) = (gx, dg
−1µ
dµ (x)λ).
Define c˜ ∈ Z1(G, σ˜,C) by the formula c˜(g, x, λ) = λ−
1
p c(g, x) (observe that c˜ indeed
satisfies the cocycle relation thanks to the term λ−1/p). Let ρ : Gy (Y, ν) be the
skew-product action of σ˜ by c˜. This is the measure space (Y, ν) = (X˜ ×C, µ˜⊗ dz)
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and ρ is the measure preserving action given by g(x˜, z) = (gx˜, z + c˜(g−1, x˜)). Let
ϕ : C → R be a nonzero, radial, compactly supported, Lipschitz function. Define
a function h ∈ L∞(Y, ν) by h(x˜, z) = ϕ(z), and let b(g) = ρg(h) − h for all g ∈ G.
Then Lemma 4.2 shows that b is a cocycle with values in Lq(Y, ν) which satisfies
the conclusion of the theorem up to a constant C(q) > 0. 
Remark 4.4. The idea of the proof of Theorem 4.3 and of the cocycle c˜ becomes
very natural if one uses the notion of modular bundle and Haagerup’s canonical Lp-
spaces as explained in [1, Sections A.2 and A.3]. Indeed, by viewing the canonical
Lp-space Lp(X) as a subspace of L0(Mod(X)), the isometric linear representation
σp : G y Lp(X) associated to some nonsingular action σ : G y X is identified
with the restriction to Lp(X) of the Maharam extension Mod(σ) : G y Mod(X).
We can therefore identify every cocycle c ∈ Z1(G, σp, Lp(X)) with a cocycle c˜ ∈
Z1(G,Mod(σ),C). This is crucial in order to be able to use the skew-product
construction.
Proof of Corollary 3. Let G = Isom(Lp) with its canonical affine isometric ac-
tion on Lp. By applying Theorem 1, we obtain a continuous homomorphism
Ψ : Isom(Lp)→ Isom(Lq) such that
‖g(0)‖pLp = ‖Ψ(g)(0)‖
q
Lq
for all g ∈ Isom(Lp).
We have to show that Ψ is a homeomorphism on its range. Take (gn)n∈N a sequence
in Isom(Lp) and suppose that Ψ(gn) → id. We have to show that gn → id. Take
f ∈ Lp and let τf ∈ Isom(Lp) be the translation by f . Then
‖gn(f)− f‖
p
Lp
= ‖(τ−1f ◦ gn ◦ τf )(0)‖
p
Lp
= ‖Ψ(τ−1f ◦ gn ◦ τf )(0)‖
q
Lq
.
Since Ψ(gn) → id, we also have Ψ(τ
−1
f ◦ gn ◦ τf ) = Ψ(τf )
−1 ◦ Ψ(gn) ◦ Ψ(τf ) → id.
This yields
lim
n
‖gn(f)− f‖
p
Lp
= lim
n
‖Ψ(τ−1f ◦ gn ◦ τf )(0)‖
q
Lq
= 0.
Since this holfs for all f ∈ Lp, we conclude that gn → id as we wanted. 
Question 4.5. Is Theorem 4.3 still true when q = p? Can we at least realize ψ
with an affine isometric action whose linear part comes from a measure preserving
action of G? One can show that if a measurable function ϕ : R→ R satisfies∫
R
∫ ∞
0
|ϕ(x+ λ−1/p)− ϕ(x)|p dλ dx < +∞
for some p ≥ 1, then ϕ is almost surely constant. Therefore, our method for the
proof of Theorem 4.3 cannot work when q = p.
Question 4.6. Take 0 < p, q < ∞. Is it true that Isom(Lp) embeds as a closed
subgroup of Isom(Lq) if and only if p ≤ max(2, q)?
5. Formal coboundaries
By the Banach-Lamperti theorem, an action by linear isometries on Lp(X,µ)
(p 6= 2) comes from a non-singular action on (X,µ) and a cocyle with values in T,
and in particular it corresponds to an action by linear isometries on Lq(X,µ) for
every other q. However, in the proof of Theorem 1, the linear part of the action β
on Lq is very different from the linear part of the original action α. It is natural to
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wonder when the same linear part can be chosen. The purpose of this section is to
investigate this question; the main result is a variant of [5, 8].
In this section, we will sometimes change the σ-algebra. To fix notation we
consider a standard measure space (X,µ) with σ-algebra A.
5.1. Facts on the Mazur maps. The Mazur map Mp,q is the nonlinear map
given by Mp,q(f)(x) = sgn(f(x))|f(x)|
p
q for every measurable function f : X → C
(where for z ∈ C \ {0}, sgn(z) = z|z| and sgn(0) = 0). It is well-known that, for
every 1 ≤ p, q < ∞, the Mazur map is a uniformly continuous homeomorphism
from the unit ball of Lp to the unit ball of Lq. This follows from the existence, for
every 1 ≤ p ≤ q <∞, of a constant c = c(p, q) such that for all a, b ∈ C
(5.1) |sgn(a)|a|
p
q − sgn(b)|b|
p
q | ≤ c|a− b|
p
q
and
(5.2) |a− b| ≤ c
(
|sgn(a)|a|
p
q − sgn(b)|b|
p
q |
q
p + |a|1−
p
q |sgn(a)|a|
p
q − sgn(b)|b|
p
q |
)
.
For example, we have
Lemma 5.1. Assume that (X,µ) is a probability space and let f ∈ Lp(X,µ) of
mean 0. Then for every z ∈ C,
‖Mp,q(f)− z‖q ≥ C(p, q)‖f‖
p
q
p
for a number C(p, q) > 0 depending only on 1 ≤ p, q <∞.
Proof. By homogeneity we can assume that ‖f‖p = 1. We can assume that
1
2 ≤
|z| ≤ 32 as otherwise
‖Mp,q(f)− z‖q ≥ |‖Mp,q(f)‖q − |z|| ≥
1
2
.
If ωq,p is the modulus of uniform continuity of the restriction of the Mazur map
Mq,p to the ball of radius
3
2 in Lq, we obtain
|z|
q
p ≤ ‖f −Mq,p(z)‖a ≤ ωp,q(‖Mp,q(f)− z‖).
The first inequaliy is just the inequality |
∫
Fdµ| ≤ ‖F‖p. So we obtain the lemma
with C(p, q) = min(ω−1p,q(2
− q
p ), 2−1). 
If we go outside of the unit ball, the relative position and p, q matter. For
example, the next result is not true if p > q.
Lemma 5.2. Let 1 ≤ p ≤ q < ∞. If f, g : X → C are two measurable functions
such that f − g ∈ Lp, then Mp,q(f)−Mp,q(g) ∈ Lq.
Proof. Replacing a by f(x), b by g(x) in (5.1), raising to the power q and integrating
with respect to x, we get
‖Mp,q(f)−Mp,q(g)‖Lq ≤ c‖f − g‖
p
q
Lp
.

Lemma 5.3. Let 1 ≤ p ≤ q < ∞. Let (X,A, µ) be a σ-finite measure space, and
B ⊂ A be a σ-subalgebra. Assume that f ∈ L0(X,A, µ) satisfies that, for every
h1 ∈ L0(X,B, µ), there is h2 ∈ L0(X,B, µ) such that Mp,q(f +h1)−Mp,q(h2) ∈ Lq.
Then there is h ∈ L0(X,B, µ) such that f − h ∈ Lp.
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Proof. Let us first consider the case when (X,B, µ) is purely infinite, that is every
element of B has measure 0 or ∞. Applying the hypothesis to h1 = 0, we obtain
h0 such that Mp,q(f)−Mp,q(h0) ∈ Lq. Applying now the hypothesis to h1 = −h0,
we obtain h2 such Mp,q(f − h0) −Mp,q(h2) ∈ Lq. If h2 6= 0, there is ε > 0 and
C > 0 such that {|h2| > ε}∩{|h0| ≤ C} is not null, that is has infinite measure as it
belongs to B. This implies that {|f−h0| >
ε
2}∩{|h0| ≤ C} also has infinite measure,
as it contains the preceding set minus {|Mp,q(f − h0) −Mp,q(h2)| > (2
p
q − 1)ε
p
q },
which has finite measure because Mp,q(f − h0) − Mp,q(h2) ∈ Lq. But by (5.2),
{|f − h0| >
ε
2} ∩ {|h0| ≤ C} is contained in {|Mp,q(f) −Mp,q(h0)| > δ} whenever
c(δ
q
p +C1−
p
q δ) < ε2}. We obtain a contradiction because Mp,q(f)−Mp,q(h0) ∈ Lq.
So our hypothesis that h2 6= 0 is absurd, so we obtain Mp,q(f − h0) ∈ Lq, or
equivalently f − h0 ∈ Lp.
Let us now consider the case when (X,B, µ) is semifinite. Replacing µ by ρµ for
a positive ρ ∈ L1(B), we can assume that µ is a probability measure. So we can talk
about the µ-preserving conditional expectation EB. As in the previous case, there
is h0 ∈ L0(B) such that Mp,q(f) −Mp,q(h0) ∈ Lq. In particular EB(|f |
q|) < ∞
almost everywhere, and we can define h = EB(f). By the assumption for h1 = −h,
there is h2 ∈ L0(B) such that Mp,q(f − h)− h2 ∈ Lq. By Lemma 5.1, we obtain
‖Mp,q(f − h)− h2‖
q
q = E(EB(|Mp,q(f − h)− h2|
q))
≥ C(p, q)E[EB(|f − h|
p))
= C(p, q)‖f − h‖pp.
This proves that f − h ∈ Lp. Finally, the general case follows by decomposing
(X,B, µ) as a purely infinite part and a semifinite part. 
5.2. Formal coboundaries. Let (X,µ) be a σ-finite measure space. Let G →
Aut(X, [µ])⋉L0(X,µ,T) be a continous group homomorphism. For every 0 < p <
∞, denote by πp,µ : G → O(Lp(X,µ)) the corresponding continuous representa-
tion. We also denote by πp,µ the continous extension of this linear representation
to L0(X,µ) (by using the same formula for π
p,µ as in the preliminaries). We con-
sider the two cohomology spaces H1(G, πp,µ, Lp(X,µ)) and H
1(G, πp,µ, L0(X,µ)).
Clearly, since Lp(X,µ) ⊂ L0(X,µ), we have a natural homomorphism
η : H1(G, πp,µ, Lp(X,µ))→ H
1(G, πp,µ, L0(X,µ)).
We are interested in its kernel H1♯ (G, π
p,µ, Lp(X,µ)) := ker η which corresponds
to cocycles in Lp(X,µ) which are formal coboundaries. Note that both cohomol-
ogy groups H1(G, πp,µ, Lp(X,µ)) and H
1
♯ (G, π
p,µ, Lp(X,µ)) do not depend on the
choice of µ in the class [µ] because the map f 7→
(
µ
ν
)1/p
f intertwines πp,µ and πp,ν
for ν ∈ [µ].
We were unable to determine if the set {p > 0 | H1(G, πp,µ, Lp(X,µ)) = 0} is
an interval in general. However, we have the following result.
Theorem 5.4. Let 1 ≤ p < q and G → Aut(X, [µ]) ⋉ L0(X,µ,T) as above. If
H1♯ (G, π
q,µ, Lq(X,µ)) = 0 then H
1
♯ (G, π
p,µ, Lp(X,µ)) = 0.
Proof. For f ∈ L0(X,µ), denote ∂pf(g) = π
p,µ(g)f − f . By assumption, for all
f ∈ L0(X,µ), we have
(5.3) ∀g ∈ G, ∂qf(g) ∈ Lq(X,µ) =⇒ ∃h ∈ Lq(X,µ), ∂qf = ∂qh.
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We want to prove that for all f ∈ L0(X,µ), we also have
(5.4) ∀g ∈ G, ∂pf(g) ∈ Lp(X,µ) =⇒ ∃h ∈ Lp(X,µ), ∂pf = ∂ph.
In order to prove this, we use the properties of the Mazur map. Indeed, it is
obvious from the definition of πq,µ that Mp,q establishes a continuous (nonlinear)
bijection between the spaces L0(X,µ)
πp,µ(G) and L0(X,µ)
πq,µ(G), with inverseMq,p.
Moreover, the map Mp,q sends Lp(X,µ) onto Lq(X,µ) and it is G-equivariant, in
the sense that it intertwines πp,µ and πq,µ.
Let f ∈ L0(X,µ) such that ∂pf(g) ∈ Lp for every g ∈ G. Denote f1 = Mp,q(f).
By Lemma 5.2, ∂qf1(g) = Mp,q(π
p,µ(g)f) − Mp,q(f) belongs to Lq. By our as-
sumption, there exists h1 ∈ L0(X,µ)
πq,µ(G) such that f1 − h1 ∈ Lq. The set
X0 = {x ∈ X, |h1(x)| = 0} is G-invariant, and the restriction of f1 to X0 be-
longs to Lq. Equivalently the restriction of f to X0 belongs to Lp. So replac-
ing X by X \ X0, we can assume that h1 is almost everywhere non-zero. Since
h1 is invariant under the representation π
q,µ, this easily implies that |h1|
qµ is
an invariant measure and that the cocycle in L0(X,µ,T) is the coboundary of
sgn(h1) = h1/|h1| ∈ L0(X,µ,T). So without loss of generality we can assume that
the homomorphism G → Aut(X, [µ]) ⋉ L0(X,µ,T) takes its values in Aut(X,µ).
Denote by B the σ-algebra of G-invariant sets. Then L0(X,µ)
πq,µ(G) coincides with
L0(X,B, µ). The theorem is now just a reformulation of Lemma 5.3. 
Question 5.5. Is Theorem 5.4 still true if we replace H1♯ (G, π
p,µ, Lp(X,µ)) by
H1(G, πp,µ, Lp(X,µ))? Is there a group G and a representation G→ Aut(X, [µ])⋉
L0(X,µ,T) for which H
1
♯ (G, π
p,µ, Lp(X,µ)) = 0 but H
1(G, πp,µ, Lp(X,µ)) 6= 0?
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